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Abstract. A lot is known about the Holder regularity of stochastic processes, in 
particular in the case of Gaussian processes. Recently, a finer analysis of the local 
regularity of functions, termed 2-microlocal analysis, has been introduced in a de- 
terministic frame: through the computation of the so-called 2-microlocal frontier, it 
allows in particular to predict the evolution of regularity under the action of (pseudo-) 
differential operators. In this work, we develop a 2-microlocal analysis for the study 
of certain stochastic processes. We show that moments of the increments allow, un- 
der fairly general conditions, to obtain almost sure lower bounds for the 2-microlocal 
frontier. In the case of Gaussian processes, more precise results may be obtained: the 
incremental covariancc yields the almost sure value of the 2-microlocal frontier. As an 
application, we obtain new and refined regularity properties of fractional Brownian 
motion, multifractional Brownian motion, stochastic generalized Weierstrass func- 
tions, Wiener and stable integrals. 



1. Introduction 

It is a well-known fact that the pointwise Holder exponent of a function or a process 
is not stable through the action of (pseudo-)differential operators. In addition, it does 
not give a complete picture of the regularity of a function at a given point, even if it 
is supplemented by the local Holder exponent (see section UTTI for definitions). Let us 
give two examples that show the significance of this for random processes. 

Define the function: 

C (*) = it-* rsin(|t-* iA (i) 

where to;7 and /3 are positive real numbers. This is an instance of a so-called "chirp", 
and is the simplest example of a function with non-trivial behaviour upon integro- 
differentiation ([H]). Now consider a multifractional Brownian motion Xjj(t) (see 
section H] for a definition). This process and its generalizations have been the subject 
of various studies in recent years (P HU [221 12H 121] )• It is also currently used as a 
model in applications such as traffic engineering ([5]) or financial analysis ([7j). It 
is parameterized by a function H, which controls its almost sure pointwise Holder 
exponent at each time. In applications, it is not expected that H will behave smoothly. 
As a consequence Xjj(t) may have a complicated local regularity structure, and it is 
not easy to evaluate how it will be modified by various transforms of interest. Take for 
instance H{t) = a + bc(t) in a neighbourhood of t . Here c is defined by (CQ) and a, b 
are chosen such that c(t) G (0, 1) for t in a neighbourhood of to- Then the pointwise 
Holder exponent of X H {t) at t is equal to 7 (provided that H(t ) > 7). However, 
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the pointwise Holder exponent of a fractional derivative of order e < 7/(1 + (3) of Xh 
at to is equal to 7 — e(l + The fact that the regularity of Xh decreases by more 
than e through e— differentiation cannot be deduced from the sole knowledge of the 
exponent of Xh, but it is easily obtained with the help of the 2-microlocal analysis 
that we develop below. Example [1] in section H] yields more details on this process, and 
describes a case where the evolution of the pointwise exponent is even "stranger" . 
As a second example, consider, for t > 0, the Wiener integral 

Y t = [ r)(u)dB u , (2) 
J 

where B is standard Brownian motion and 77 (t) = y/\c(t)\. The pointwise Holder 
exponent of Y at t is equal to (7 + (3 + l)/2 and its local exponent at t is equal 
to 7/(2 + 2/3) + 1/2, provided both these values are smaller than one. A fractional 
derivative of order e < 7/(2 + 2/5) + 1/2 of Y has pointwise and local exponents 
respectively equal to (7 + (3 + l)/2 - s((3 + 1) and 7/(2 + 2(3) + 1/2 - e at t„. The 
variation of the pointwise exponent of Y cannot be predicted from the sole knowledge 
of the exponents of Y, but are direct outputs of 2-microlocal analysis. See Example |2] 
in section 0] for more on the Wiener integral (and example [3] which deals with the case 
of stable integrals). 

Although these examples may seem somewhat ad-hoc, they allow to highlight, in a 
simple case, that there is more to local regularity that the mere local and pointwise 
Holder exponents classically considered. In addition, functions with even more irregular 
behaviour than the chirp can easily be exhibited, and such functions might well pop 
up in applications. The aim of the present study is to provide new tools for the fine 
characterization of the regularity of stochastic processes, and in particular Gaussian 
processes, using the theory of 2-microlocal analysis. Basically, 2-microlocal analysis 
allows to describe how the pointwise regularity of a function evolves under the action 
of (pseudo-) differential operators. This is useful in various areas, such as PDE (for 
which it was originally developed), signal or image analysis. The idea is to "mix", 
in a clever way, the local and pointwise characterizations of Holder regularity in a 
single condition involving two exponents (see inequality ([3D for a precise statement). 
So far, 2-microlocal analysis has only been considered in a deterministic frame. Since 
the pointwise regularity of random processes also is important both in theory and in 
applications such as the ones mentionned in the previous paragraph, it seems desirable 
to develop a stochastic version of 2-microlocal analysis. 

We provide first steps in this direction below. We show first that an upper bound 
on moments on the increments of a process X around a point t G provides an 
almost sure lower bound for the 2-microlocal frontier at this point. We also prove 
a related uniform result on R^. In the case where A is a Gaussian process, we are 
able to obtain more precise results: the behaviour of the incremental covariance allows 
to obtain the almost sure value of the 2-microlocal frontier at ay given point. It 
also provides uniform results, which are however less precise. These results apply at 
once to classical processes, and allow for instance to recover easily known facts about 
multifractional Brownian motion. We obtain in addition new information which allow 
in particular to deal with the examples mentioned above concerning Wiener integrals 
and multifractional Brownian motion. 
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The remaining of this paper is organized as follows: we start by recalling some basic 
facts about (deterministic) 2-microlocal analysis in section [2j Section [3] contains our 
main results about the 2-microlocal analysis of continuous random processes: lower 
bounds for general processes, upper and lower bounds for Gaussian processes. We 
apply these results to various well-known processes in section HI Finally, proofs of 
intermediate results are gathered in section [SI 

2. Background: Deterministic 2-microlocal analysis 

2-microlocal analysis, which was introduced by J.M. Bony in [8], provides a tool that 
allows to predict the evolution of the local regularity of a function under the action 
of (pseudo-)differential operators. To be more precise, let f( £ > denote the fractional 
integral (when e < 0) or fractional derivative (when e > 0) of the real function /. 
The pointwise Holder exponent of /® at t is denoted a*( e )(i) (see definition 13.21) . In 
several applications (e.g. PDE, signal or image processing), one needs to have access 
to the function 7i t : e h-» ctf(e)(t). Knowledge of 7i allows to answer questions such as: 
how much does one (locally) regularize the process / by integrating it? The problem 
comes from the well-known fact that the pointwise Holder exponent is not stable under 
integro-differentiation: while it is true in simple situations that ctf(n)(t) = ctf(t) —n, in 
general, one can only ensure that ctf( n )(t) < otf(t) — n. 2-microlocal analysis provides 
a way to assess the evolution of cc/ through the use of a fine scale of functional spaces. 
These 2-microlocal spaces, denoted C s ' s \ generalize the classical Holder spaces in a way 
we describe now. 

Since TC cannot be deduced from the sole knowledge of aJ3, predicting changes in 
the regularity of a process under integro-differentiation basically requires recording 
the whole function e h- > af( e )(t). 2-microlocal analysis does this in a clever way and 
without having to compute any integro-differentials: it associates to any given point t 
a curve in a abstract space, its 2-microlocal frontier, whose slope is the rate of increase 
of e i — ► a.f( S )(t). The 2-microlocal frontier may be estimated through a fine analysis of 
the local regularity of / around t. This analysis can be conducted in the Fourier ([8]), 
wavelet ([IS]) or time ([T71 [18]) domains. We shall use in this work the time-domain 
characterization of 2-microlocal spaces. Proofs of the results of this section and more 
information on 2-microlocal analysis may be found in [8], [IE] . 

Definition 2.1 (Time domain definition of 2-microlocal spaces). Let Xq G R, and s, s' 

be two real numbers satisfying s + s' > 0, s + s' ^ N, and s' < (and thus s > 0). Let 
m = [s + s'] (the integer part of s + s'). 

A function f : R — > R belongs to C|' s if and only if its m th derivative exists around 
xq, and if there exist a positive real 5, a polynomial P of degree not larger than [s] — m, 
and a constant C, that verify 

d m f(x)-P(x) d m f(y)-P(y) 
\x-x \ [s] - m \y-x \W- m 

for all x, y such that < \x — xq\ < 8, < \y — xq\ < 5. 

because of the inequality a^M < af — n, H has to decrease faster than e i— > — e. One can show 
that, apart from this and a certain regularity property, there are no other constraints on the evolution 
of the pointwise Holder exponent (see [18]). 



< C\x - y\ s+s '~ m (\x -y\ + \x- Xo|) _s '" [s] 
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Except in this introductory section, we shall restrict to the case where (s, s') verify 
< s + s' < 1, s < 1, s' < 0. This corresponds to the situation where / is not 
differentiable at xq, but has some global regularity in the neighbourhood of Xq. More 
precisely, we shall assume that there exists an interval / containing xq and a real number 
rj G (0, 1) such that / belongs to the global Holder space C V (I). This restriction allows 
to avoid certain technicalities in the analysis. We believe all the results should hold 
in the general case with appropriate modifications. When (s, s') satisfy the above 
inequalities, m in definition 12.11 is equal to and the polynomial P is a constant. As 
a consequence, the inequality characterizing 2-microlocal spaces reduces to: 

Definition 2.2 (Time domain definition of 2-microlocal spaces, case of non-differen- 
tiable continuous functions). Let D = {(s, s') : < s + s' < 1, s < 1, s' < 0}. A 
function f : R — > R belongs to C*'* , with (s, s') G D, if there exist a positive real 8 
and a constant C such that for all (x, y) with < \x — Xq\ < 5, < \y — Xq\ < 5, 

\f(x) - f(y)\ < C\x - y\°(\x - x \ + \x- y\Y s \ (3) 

where a = s + s' . 

Recall that the pointwise Holder exponent of / at x is defined as the supremum 
of the a such that / belongs to pointwise Holder spaces C". 2-microlocal spaces use 
two parameters (s, s'). The relevant notion generalizing the pointwise exponent is the 
2-microlocal frontier. In order to define this frontier, consider the 2-microlocal domain 
of / at x , i.e. the set E(f,x ) = {(s, s') : f G }. One can prove that E(f,x ) is 
always a convex subset of the abstract plane (s, s'). The 2-microlocal frontier r(/, xq) 
is the convex curve in the (s, s')-plane defined by 

r(/,x ): R ^ R 

S '^ S ( S ') = sup{r:/eQ;| 

For various reasons (see [IB]), it is useful to describe the 2-microlocal frontier as 
a function s' i— > cr(s') (recall that a = s + s'), and this is the parameterization we 
shall mainly use in the following. By abuse of language, we shall refer to cr(s') as the 
2-microlocal frontier in the sequel. 

The following property of c(s') will be useful: 

Proposition 2.3. The 2-microlocal frontier of f at any point xq, seen as a function 
s' i — ► c(s'), verifies 

• cr(s') is a concave, non- decreasing function, 

• cr(s') has left and right derivatives always between and 1. 

We present now the fundamental properties of the 2-microlocal frontier (see Defini- 
tion for the definition of the local Holder exponent <5/(xo) of / at Xq): 

Proposition 2.4 (Stability under fractional integro-differentiation). For any function 
f : R — > R ; for all (s, s') G R ; for all Xq and for all e 
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FIGURE 1. 2-microlocal frontier of a function / in the (V, er)-plane (solid 
curve). The intersection with the s' axis occurs at —a, and the one with 
the a axis occurs at a. The dotted curve shows the frontier of an s— 
integral of /. It is obtained by translation of e along the ordinate axis. 

Proposition 2.5 (Pointwise Holder exponent). Assume f G C V (R) for some 77 > 0. 
Then, the pointwise Holder exponent of f at xq is given by 



with the convention that «/(xo) = +00 if a(s') > for all s' . 

Proposition 2.6 (Local Holder exponent). Assume f G C" ? (R) for some rj > 0. Then, 
the local Holder exponent of f at xq is given by 

a f (x ) = cr(0). 

The above propositions show that the 2-microlocal frontier contains the whole in- 
formation pertaining to e ^ a^ £ )(t). Indeed, fractional integro-differentiation of order 
e amounts to translating the 2-microlocal frontier by —e along the a direction in the 
(s',o~) plane (proposition I2.4H . The pointwise Holder exponent of is then given by 
(minus) the intersection of the translated frontier with the s' axis (proposition 12.61) . 
provided e > af (proposition 12. 51) . See figure [3 

For our examples below, we will need the 2-microlocal frontiers of the following 
functions: the function ih \t — 1 | 7 has a trivial frontier at t : it is parallel to the first 
bisector and passes through the point (—7,0). The 2-microlocal frontier of the chirp 
1 1— > \t — 1 | 7 sin( | f _^| fl ) at t is the straight line defined by cr(s') = -j^s' + Finally, 

the Weierstrass function W s (t) = Xln=L A _n/l sin(A n t), where A>2, < h < 1 has the 
same frontier at all t: c(s') = s' + h for s' < 0, and cr(s)' = h for s' > 0. See [TS] . 
This ends our recalls on 2-microlocal analysis. 



a f {x ) 



mi{s' : a(s') > 0} 
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3. 2-MICROLOCAL ANALYSIS OF RANDOM PROCESSES 

In the remaining of this article, we shall perform the 2-microlocal analysis of certain 
random processes. We start by transposing the notion described in the previous sec- 
tion in a stochastic frame, and by defining some quantities that will prove useful for 
computing the almost-sure frontier of our processes. 



3.1. Stochastic 2-microlocal analysis. Let X = t G R-+} be a continuous 

random process. For each to £ let us define the 2-microlocal frontier of X at to a s 
the random function s' i— > CT to (s'), defined for s' G (— oo; 0) by 

<T to (s') = sup < a; limsup sup -J — - — r — ^-j < oo > . (4) 

{ t,u£B(t 0> p) ||* - U\\°p s J 

Each couple (s'; CT to (s')) could be called a "2-microlocal exponent" of X at t . 

While (03) makes sense for all s' G (— oo; 0) and all a, <J will not in general coincide 
with a stochastic version of the 2-microlocal frontier: indeed, it states that, for a given 
realization u, X{uj) G C^ s whenever s < &t {s') — s' only when definition \2.2\ may be 
applied in place of the more general definition \2.1\ Thus, in the sequel, we shall always 
assume that CT to (or, more correctly, its representation in the (s, s') plane) intersects 
the region D = {(s, s') : < s + s' < 1, s < 1, s' < 0}. Recall that this is equivalent to 
assuming that X is not different iable at t , but belongs to C" 7 (7) for some interval / 
containing t and some t] G (0, 1). Note also that D may equivalently by characterized 
by 

D = {(s', a) : -1 < s' < 0, < a < 1 + s'} . 

This assumption will allow us to avoid technicalities entailed by the use of definition 
12.11 However, the fact that we restrict to this region implies that we will only be able 
to predict the variations of the pointwise exponent through differentiation of order 
e small enough. Indeed, integration means translating the frontier in the direction 
of positive a. As a consequence, evaluating the pointwise exponent after integration 
requires knowledge of at least a part of the frontier that is below the s' axis prior to 
integration. Furthermore, all the results are valid only when the local exponent remains 
positive, and this means that we cannot consider differentiation of too high an order. 

In order to obtain almost sure results, we shall seek triples (77, /i, u) such that 

i- E[X t -X u ] 

limSUp SUP 71 r-rr- < +OO. (5) 

p->o t,ueB(t ,p) ||* - ull^p-" 

In the case where X is Gaussian, it is natural to take rj = 2 and to consider the set 
of couples (V, a) such that 

hmsup sup T rr™— — 5-7 < +00. (6) 

p^o t,ueB(t , P ) *-«rp 



This approach is usual in the analysis of Gaussian processes (see, e.g., [TJ HH I2S]), 
and it leads naturally to define "deterministic 2-microlocal spaces" as follows: 
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Definition 3.1. A Gaussian process X is said to belong to for a fixed t G 
and some s, s' such that 

' < s + s' < 1 

8 < 1 (7) 

s' < 

i/ condition zs satisfied for a = s + s' . 

Recall the definitions of the pointwise and local Holder exponents of X at to : 

Definition 3.2. TTie pointwise and local Holder exponents of X at to ore defined as the 
random variables: 

X i — X u \ 

Ot(t ) = sup ^ a; hmsup sup < oo 

p^o t,ueB(t ,p) P a 

Xt — X u 

Ot(t ) = sup ^ a; hmsup sup -r — < oo 

p^o t,ueB(t ,p) \\t — u\\ a 

Note that although these quantities are in general random variables, we will omit the 
dependency in u> and write Ct(to) and CX.(to) instead of Ot(to,u) and Ot(to,u). 

It is easily seen that for all to an d ai l s ' < 0; we have (for all uj) 

OL(t ) <cr t0 (s')-s' <a(t ). (8) 

To show this inequality, proceed as follows: 
• For all < a < cr to (s'), 



\Xt — X u 




Xt — X u 






pas' 


\\t - u\\ a p- 







which gives a — s' < oc(t ). As a consequence, CT to (s') — s' < cx(t ). 
For all a < Ct(t ), 



\Xt — X u \ \X t — X u \ f\\t — u\ 



\\t - u\\ a+s 'p- s ' \\t-u\\ a V P 
which gives a + s' < cr to (s'). As a consequence, OK (to) < °"to( s/ ) — s '- 



□ 



Section [3~2l is concerned with general processes and obtains in this case lower bounds 
for the 2-microlocal frontier. In section 13. 3^ we focus on Gaussian processes and obtain 
upper bounds. We would like to mention here that there is a large body of results about 
the regularity of sample paths of Gaussian processes. A non-exhaustive list of authors 
that contributed to these results includes Berman, Dudley, Fernique, Marcus, Orey, 
Rosen, Pitt, Pruitt, Talagrand, Xiao... We refer to [U [16], [191 ED] for a contemporary 
and complete survey of these works. This field of research is still very active (e.g. 
[H [101 [27] ) . Extremely precise results are known, under various conditions, on uniform 
moduli of continuity and local moduli of continuity, using the terminology of [2TJj . 
chapter 7. Uniform moduli of continuity give information which is finer than the 
mere local Holder exponent, and Oc is easily obtained once an exact uniform modulus 
of continuity is known. Likewise, local moduli of continuity give richer information 
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than the pointwise Holder exponent, and Ot may be deduced at once from an exact 
local modulus of continuity. Theorem 7.1.2 in [20] is a general, rather abstract, result 
giving a uniform modulus of continuity based on a majorizing measure (see also [U [19], 
[26]). Precise bounds for moduli of continuity are given in [201 Theorem 7.2.1] under 
an assumption related to, but weaker than, stationarity of the increments. Theorem 
7.4.5 gives another result under different but fairly general conditions. When the 
Gaussian process has stationary increments and when its incremental variance verifies 
some regularity assumptions, exact moduli of continuity may be obtained, see Theorems 
7.2.9, 7.2.10, 7.2.14, 7.2.15, 7.6.4 and 7.6.9 in [2D]. These results do not, however, apply 
directly to our situation, for two reasons. 

First, for the processes we will mostly be interested in, it is not straightforward 
to obtain a majorizing measure, so it is not clear how to apply Theorem 7.1.2 of 
|20j . As for the other Theorems mentioned above, the ones using stationarity of the 
increments cannot be used since the processes we have in mind are "strongly" non 
increment- stationary: mBm, for instance, is such that its increments of any order 
are never stationary as soon as the H function is not constant. The other, weaker, 
assumptions made in these theorems are either that E [X t — X u } 2 < ip(\t — u\) for some 
strictly increasing function tp, or that E [X t X u ] < min (E [X t Y , E [X U Y). None of these 
assumptions is verified by mBm. 

Second, although the results of [20] mentioned above, when available, give much 
more precise information on the pointwise and local regularity than the ones we are 
going to obtain, they would not directly allow to compute the 2-microlocal frontier. As 
a consequence, they would be of no use for, e.g., computing the variation of regularity 
under differentiation of the "chirped multifractional Brownian motion" mentioned at 
the beginning of the introduction. Indeed, as explained at the beginning of this work, 
the sole knowledge of Ot. and Ot, or even of exact moduli of continuity, is not sufficient in 
order to predict the evolution of pointwise regularity under integro-differentiation, and 
one needs rather to obtain bounds "mixing" the two exponents, as in inequality ([3]). 
Although it should be possible to generalize the approach described in [20] based on 
the powerful tool of majorizing measures to obtain 2-microlocal characterizations, we 
follow below a different path. In our frame, the Gaussian assumption is not necessary 
to obtain lower bounds, and we deal instead with the more general class of processes 
satisfying condition 

3.2. Lower bound for the 2-microlocal frontier of stochastic processes. In 

this section, we give conditions for the paths of a stochastic process, not necessarily 
Gaussian, to belong to a given 2-microlocal space C^ s . 

3.2.1. Pointwise almost sure result. 

Proposition 3.3. Let X = {X t ; t G R-+} be a cadlag (right continuous with left 
limits) stochastic process. Assume that for some t , there exists two constants C > 
and po > such that 

V0 < p < po, Vt,u G B(t ,p); E \X t - X u \ n < C\\t - u\\ N+ »p~» (9) 

with 1] > 0, ji > and u < 0. 

Then, almost surely, the paths of the process X belong to CT v ' T >' v /' n ; for all a < -. 
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In other words, the 2-microlocal frontier of X at to verifies 

CTt - > - a.s. 
J]) V 



Proof. Let s' = u/rj and < o < fi/rj. Let us take p = 2 n for n > uq = — log 2 po and 
set D™(t ) = jt + A;.2-( m+n ); fc G {0, ±1, ... , ±2 m } w |. Let us consider the event 



— { maX „ \ X t a +k.2-^+") - X t + L2 -lm,+n,) I > 2 CT ( m + n )2 S " 

fc,Ze{0,...,±2 m } JV 
L ||fc-I||=l 

We have 

-P {^n } < ^2 P { l^*0+fc.2-(™+») - -^t +i.2-(»+») I > 2~ CT(m+n) 2 S "| 



fc,ze{o,...,±2 m } JV 
||fe-i||=i 



< 



^ |^io+fc.2-(" l+n ) ^"t +/.2-( m +") | 



fc,ze{o,...,±2 m } Ar 



2~ r}a(m+n) ^qs' r 

||fc-Z||=l 

< 2iV C # {0, . . . , ±2 m } JV 2 -( Ar +M-^)(™+«). 



Then, 
and 



P {f2 m } < (2N 2 2N ) C 2~^~ va ^ m 2~( iV+ ^~ , 7 CT ) n 

I. m J m 

(2iV.2 2iV ) C 2^ w+ ''- ,,,J '" 
- ~ i _ 2-(^-^) _ ' 

The Borel-Cantelli lemma implies existence of a random variable n* > uq such that, 
almost surely, 

Vn > n*,Vm G N; max \X t , k 2 _ (m+n) - 2 - (m+n) I < 2^( m+n )2 s ' n . 

fc,«e{o,...,±2 m } JV 
||fc-J||=i 

Therefore, by induction, we get for all n > n* and all m G N 
Vg > m, Vt, u G D«(t ); s.t. ||t - u|| < 2~ (m+n) ; 

\X t - X u \ < 2 ( 2~ a{j+n) \ 2 s ' n 



< 



\j=m+l 
2 2 — f(m+n+l) ^ 



1 - 2~ CT 
which leads to 

vt,u g p n (t ) = \Jd™ (*o); I** - *«l < f^^Wt - "ir 2S 
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and using the right continuity of X, 

Vt, u G B(t , 2-"'); \X t -X u \< YZ^pW* ~ U W° r ' n - 

Hence, almost surely, for all p G (0, 2 _n *), there exists n > n* such that 2~^ n+1 ' < p < 
2~ n and 

Vt, u G B(t Q ,p); \X t - X u \ < x _ 2 2 _^ IK - 2*' n 

<2" s ' rz |^P-«ll>" s '- (10) 

This inequality proves that the sample paths of X belong to C^ u ^ v ' u ^ ri . This im- 
plies that for all e > 0, P{<J to {v /v) > A 4 / 7 ? ~~ e } = 1- Taking e G Q+, we get 

P{<T<o(l//77)>/xM = l. □ 

Corollary 3.4. Lei X = {X t ;t G R+} &e a continuous Gaussian process. Assume 
that for some to, there exists two constants C > and po > such that 

V0 < p < po, Vt, u G B(t , p); E [X t - X u } 2 < C\\t - u\\ 2 ° p~ 2s ' (11) 

with a > and s' < 0. 

Then, almost surely, the paths of the process X belong to C°~ s ,s , for all a < a. 
In other words, 



x g cr ' s 



Vct < a, X G C7j~ s '' s ' a.s. 



and consequently, 



Ct (s') > a a.s. 
Proof. From (lllj) , for all p G N* we get 

V0 < p < p ,Vt,u G 5(t ,p); £ \X t -X u f p <C\ P \\t - u\\ 2p ° p- 2ps ' 

where X p is the positive constant such that for all centered Gaussian random variable 
Y, we have E[Y 2 p] = X p (E[Y 2 ]) P . 

For any p G N* such that 2po~ > N, proposition 13.31 implies that the sample paths 
of X belong to C^~ s ' s for all a < a — The result follows. 

□ 



Remark 1 . The assumptions of corollary \3.4\ are equivalent to the existence of a > 
and s' < such that 

v E[X t -X u } 2 ^ 
hmsup sup - — — —r-y < +oo. 

p^o t,ueB(t ,p) \\t ~ u\\ 2a p 23 

In proposition 13.31 if ([9]) holds for all to hi by Kolmogorov's criterion, the 

process X admits a version X, which is continuous on [a, b\. Therefore, the cadlag 
condition may be thought unnecessary: The regularity of the paths of X would stand 
for the regularity of the paths of one of its continuous version. 

On the contrary to pointwise results, uniform almost sure regularity at to G should 
depend on the considered version. In that view, we assume that X is cadlag and as all 
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the cadlag versions of X are indistinguishable, the question of uniformity in to G R+ 
is worth further investigation. 

3.2.2. Uniform almost sure result on R^. Inequalities (jHJ) show that an uniform lower 
bound for the local Holder exponent gives an uniform lower bound for CT to (s')- 

Proposition 3.5. Let X = {X t ; t G R+} be a continuous stochastic process. Assume 
that there exist a constant 77 > and a positive function p which admits a positive 
lower bound, and that for all to G R+ , there exists Cq > and po > such that 

Vt, u G P(t , po), E \X t - X u \ v < C \\t - U \\ N+ ^ (12) 



Then, almost surely 
and, as a consequence 



Vt G R^; a(t ) > liminf ^ (13) 

u->t T) 



Vt G R^,Vs' < 0; <T t0 (s') > s' + liminf^. (14) 
Proof. First, let us suppose that the function p is constant. 

By and Kolmogorov's criterion, for all to £ R+> there exists a modification X to of 
X which is a-H61der continuous for all a G (0,/i/r/) on B(t ,p ). Therefore the local 
Holder exponent of X to satisfy 

VtG B(t ,p ); a.* At)>~. 

As a consequence, for all t G R+, there exists p > such that 

pjvtG B(t , Po ); a(t)>^j = l. 

For all a, b G Q+ , such that a -< b, we have 

[a, b] C |J B(t ,p ). 

t £[a,b] 

As [a, b] is compact, there exists a finite number of balls Bi, . . . , B n such that 



1, b] C |J ^ 



i=l 



and 



Vt G P*; a(t) > ^ ^ 



Therefore, we get 

pjvt G [a, 6]; a(t) > ^ 
As R^ can be covered by a countable number of compact sets [a, b], this leads to 

pjvt G R^; a(t) > ^| = 1. (15) 
Using (jHJ) and the continuity of s' 1— >• <T 4() (s'), the result follows. 
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In the general case of a non-constant function p, for all a,b G with a -< b and all 
a = inf„ 6 [ 0j 6] fj,(u)/rj — e with e > 0, there exists a constant C > such that 

Vt,u G [a, 6]; £|X t - X^" < C ||t - ull^. 
Then ( 1151) implies the existence of Q* C Q such that P {£7*} = 1 and for all uo G Q*, 

o 

Va, 6 G Q+,Ve G Q+, Vt e a(t ) > inf — - e. 

«6[o,6] 7] 

Therefore, taking two sequences (a n ) ngN and (b n ) ne]SS such that G N; a n < t < 
and converging to to, we have for all uo G f2* 

Vt GR^; a(t ) >liminf 

tt-»-t 

□ 



Example : Linear Multifractional Stable Motion on R 

The Linear Multifractional Stable Motion (LMSM) is an a— stable process (with < 
a < 2) which is obtained from the better-known linear fractional stable motion by 
replacing the constant H by a Holder- continuous function H{t). See (231 Chapter 
3] for details on the linear fractional stable motion and [2^1 [25] for the definition and 
properties of the LMSM. Let us consider such an LMSM, with the following assumptions 
: a > 1, and, for all t, 1/a < H(t) < 1. Assume in addition that, for all to, &H(to) > 
1/a. It is shown in [25j, inequality (3.6), that: 

Vp G (1, a), Vt, u G B{t ,po),E\X t - X u \ p < C{p)\t - u\ pi&H ^ o)Am ^ B M H ^ . 

A direct application of Proposition \3.5\ then yields: 

Wt G R+, W < 0; (T t0 (s') >s' + a H {to) A H(t ) - -. 

a 

[25] contains more precise statements on the local and pointwise Holder exponents of 
the LMSM. See section \^\ for related results on stable integrals. 

Using the same technique as in Corollary 13.41 one gets, in the particular case of 
Gaussian processes: 

Corollary 3.6. Let X = {X t ; t G R+ } be a continuous Gaussian process. Assume 
that there exists a function a which admits a positive lower bound, and that for all 
to G R+, there exists C > and p > such that 

Vt, u G B(t , p ), E [X t - X u } 2 < Co \\t - u\\ 2 ^ t0 \ (16) 
Then, almost surely 

Vt G R+; a(t ) >liminfo-(u) (17) 

u— »t 

and, as a consequence 

Vt G R+,Vs' < 0; cr t0 (s') > s' + lim inf a(u). (18) 

The uniform almost sure lower bound for the 2-microlocal frontier can be improved 
when E \X t — X u \ v admits, in the ball B(to,p), an upper bound function of \\t — u\\ 
and p, uniformly in to- We only state the result in the Gaussian case. 
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Proposition 3.7. Let X = {X t ; t £ R-+ } fre a continuous Gaussian process. Assume 
that for all t , there exists a real function q to such that 

Vt ,Vs' <0; q (s') > m(s') > 

and t/iat taere exists two constants C > and 5 > swca tnat /or a// to £ [0, 1] and a// 
s' < 

V0 < p < 5, Vi,u £ B(t ,p); E[X t -X u } 2 <C \\t-u\\ 2 ^ {s,) p - 2s ' . (19) 
TTien for all s' < 0, almost surely 

W £ [0,1]; (Tto(s') > liminfw(s'). 

The proof of Proposition 13.71 is an improvement of the one of Proposition 13.31 and is 
somewhat technical. It is given in section [5J 

3.3. Upper bound for the 2-microlocal frontier of Gaussian processes. In this 
section, we assume that the considered processes are Gaussian. We show that an almost 
sure upper bound can be established for the 2-microlocal frontier of the sample paths. 

3.3.1. Pointwise almost sure result. To get an almost sure upper bound for <X io (V), we 
need the following 

Lemma 3.8. Let X = {JQ; t £ R+ } be a continuous Gaussian process. Assume that 
for some to £ R+? there exist a > and s' < such that there are two sequences 
(£n) nS N an d ( M n)nGN converging to t Q , and a constant c > such that 

Wn £ N; E [X tn - X Un } 2 > c\\t n - u n f° p~ 2s ' 

where p n > max(||t n — toll, \\ u n — to\\). Then the 2-microlocal exponent satisfies almost 
surely 

CT t0 (s') < a. 

Proof. Let e > and consider two sequences (t n )ngN and (n n )nGN as in the statement 
of the Lemma. 

For all n £ N, the law of the random variable — Xtn " x " n — - is A/TO, a 2 ). 

' 11+ lt |cT + e n — s v ' ' t/ 

^From the assumption, we have a n > c\\t n — u n \\~ 2e — > +oo asn-> +oo. 
Then, for all A > 



\tn ~ U n \\^p- S <X \ =p l 1 



X tn -X Un \ J UKn-Wn|r +£ Pn A 



x 2 



exp —7^7 -dx 



2ira n V 2o", 

If ( x 2 \ 

exp — — .dx — > 1. 



27r M>^r V 2 



Therefore the sequence f ^"jjy""!^ P f ) converge to in probability. This implies 

the existence of a subsequence which converge to almost surely. Thus, almost surely, 
O"to{ s ') < cr + e. Taking e £ Q + , the result follows. □ 
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Remark 2. The assumptions of lemma \3.8\ are equivalent to the existence of a > and 
s' < such that 

E [X t - X u } 2 
limsup sup - — — 3-7 > 0. 

p^o t,u£B(t ,p) \\t - u\\- a p ls 

3.3.2. Uniform almost sure result on R+ . In contrast with what happens in the case of 
the lower bound, if the assumptions of lemma I3~£1 are satisfied for all t , the conclusion 
holds uniformly in £ ; 

Proposition 3.9. Let X = {X t ;t £ R+} be a continuous Gaussian process. Suppose 
that the assumptions of lemma [X^ are satisfied for all to £ R+, with the same a and 
s' . Then the 2-microlocal exponent satisfies almost surely 

W £R+; (T t0 (s')<a. 

For the sake of readability, we postpone the proof of this Proposition to section [5j 
In the light of Remark [2} Proposition 13.91 implies 

Theorem 3.10. Let X = {X t ; t £ R+} be a continuous Gaussian process. Assume 
that for all to £ R+ ond all s' < 0, there exists Q (V) > such that 

E [X t - X u ] 2 
limsup sup — — 7^ — 57 >0. 

p^o t,ueB{t , P ) \\t - it|p«<A s >p 2s 

Then for all s' < 0, we have almost surely 

Vt £ R+; cr ta (s') < limsup s u (s'). 

u—*to 

Proof. Under the assumptions of the theorem, for all a, b £ with a -< b and all 

•j(s') = sup u6[o>6] w(s'), 

Vt £ [a, 6]; limsup sup f 2,' > °- 

Therefore, by proposition 13.91 for all s 1 < 0, there exists a set Q* C Q with P {fl*} = 
1 such that for all uj £ Vt* 



Va,6 £ Q^,Vt £ [a, b}; cr t() {s') < sup ^(s'). 

«G[a,6] 

Taking two sequences (a n ) ngN and (&„,) ngN such that Vn £ N; a„ < t < b n and 
converging to to? we have for all u £ Q* 

1 AT. 



V£ £ R + ; O"t ( s ') < limsup^(s'). 



□ 
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3.4. Where is, almost surely, the 2-microlocal frontier? In this section, we show 
that, not surprisingly, the 2-microlocal frontier of the paths of a Gaussian process can be 
evaluated by studying its incremental covariance. The proofs rely on the computation 
of almost sure lower and upper bounds for the frontier, which were developed in sections 
O and El 

As a counterpart to the random Holder exponents and frontier <T to {s'), let us intro- 
duce the deterministic local Holder exponent 

E \Xi — 

&(to) = sup < a; limsup sup — r rjy- — < oo f (20) 

p^o t,ueB(t ,p) P — n ll a 

and the deterministic 2-microlocal frontier s' i— > «j 4() (s'): 

■ n : 

u 

p-»o 1 t,ueB(to,p) \\t — u\\ 2a p 



Ot (s') = sup { a; limsup sup ,u ~TT^~^ < 00 \ (21) 



= sup | a; X e Ct s '' s ' 

The same proof as in the frame of deterministic functions allows to show that the de- 
terministic 2-microlocal frontier s' i— > ot„(s') is concave and thus continuous on (—1, 0). 

The two following sections give almost sure pointwise and uniform results concerning 
the 2-microlocal frontier (recall that we assume that <T to intersects the region defined 
by conditions ([7j)). 

3.4.1. Pointwise almost sure 2-microlocal frontier. Proposition 13. 31 in section 13.21 shows 
that for all s', almost surely, 

ato(s') < cr t0 (s'). 



Conversely, according to lemma [3T8l for all s', almost surely, 

cr to (s') < oto(s'). 

Using additionally the continuity of the frontier, one may thus state 

Theorem 3.11. Let X = t G R+ } be a continuous Gaussian process. For any 
t G , the 2-microlocal frontier of X at t is almost surely equal to the function 
s' ^ <ut (s'). 

In the same way as in the deterministic frame, the almost sure values of the pointwise 
and local Holder exponents can be computed from the almost sure 2-microlocal frontier 
(see Propositions 12.51 and 12.61) . 

Corollary 3.12. For any t G R^, the pointwise Holder exponent of X at t is almost 
surely equal to — inf-jV : ot (s') > 0}, provided ®t (0) > 0. 

Corollary 3.13. For any to G R+, the local Holder exponent of X at to is almost 
surely equal to o to (0), provided <ut o (0) > 0. 

3.4.2. Uniform almost sure result on R^. Proposition 13.51 and theorem 13. 101 in sections 
13.21 and 13.31 provide some almost sure results about the 2-microlocal frontier and the 
local Holder exponent, uniformly in to £ R+- 
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Theorem 3.14. Let X = {X t ; t G R+} be a continuous Gaussian process. Assume 
that the function t \— > liminf <&(«) is positive. Then, almost surely 

Vt G R+; liminfS(w) < Ct(t ) < limsup«(n). (22) 

Proof. By definition of <5(to), for all e > 0, and all to G R+, there exist Co > and 
Po > such that 

Vt, u G B(t Q , po); E [X t - X u f < C \\t - u\\ 2 ^-^. 

Proposition 13.51 implies that, almost surely, 

Vt G R+; a (t ) > liminf S(u) - e 

and, taking e G Q+, 

Vt G R+; a (t ) > liminf £(u). 
Conversely, using theorem 13.101 with s' = 0, for all e > 0, we have almost surely 

Vt G R+; a (t ) < limsup©!(M) + e. 

U— Ho 

Taking e G Q + , we get 

Vt G R+; a (t ) < lim sup <m(u). 

u— Ho 

□ 

Corollary 3.15. Let X = {X t ; t G R+ } be a continuous Gaussian process. Assume 
that the function to h- > <£(£o) is continuous and positive. Then, almost surely 

Vt G Rj; a(t ) = 6(t ). (23) 

By remark 13.21 theorems 13.101 and 13.141 imply 

Corollary 3.16. Let X = {X t ; t G R+} &e a Gaussian process. Assume that the 
function t i— > ©(to) continuous and positive. Then, almost surely 

Vt G R^,Vs' < 0; fi(t ) + s' < cr to (s') < limsupjj u (s')- (24) 

U— »to 

Theorem 13.141 and corollary 13.161 only give bounds for the uniform almost sure 2- 
micro local frontier. However, in specific cases, we are able to obtain a sharp result: 
This happens for instance for fractional Brownian motion and regular multifractional 
Brownian motion, as we show below. 

4. Applications to some well-known Gaussian and non-Gaussian 

processes 

The results of the previous section can be used to compute the almost sure 2- 
microlocal frontier of some well-known Gaussian processes such as (multi)fractional 
Brownian motion, generalized Weierstrass function, and Wiener integrals. We also 
briefly consider the case of stable integrals in section 14.41 
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4.1. Fractional Brownian motion. Fractional Brownian motion (ffim) is one of 
the simplest processes whose regularity has been deeply studied (see [1] for a recent 
account). It is defined as the continuous Gaussian process B H = {Bf; t G R+} such 
that for all t, u G R+, 

E[B*-BZ\* = \t-u\** (25) 

where H e (0,1). 

It is well-known that ffim is almost surely Holder-continuous but nowhere differentiable. 
As a consequence, its 2-microlocal frontier intersects the region defined by conditions 
([7j). The results of paragraph 13.4.21 can then be applied to ffim. Theorem 13. 141 directly 
yields the value of the almost sure local Holder exponent uniformly on R + . The 
uniformity of (j25p in the whole of R + , then allows to get the almost sure 2-microlocal 
frontier of ffim, uniformly in R + . 

Proposition 4.1. Almost surely, the 2-microlocal frontier at any to of the fractional 
Brownian motion in the region 

< a < 1 + s' 
-1 < s' < 

is equal to the line a = H + s' . 

Proof. According to Corollary 13. 16} the result relies on the fact that ®t ( s ') = H + s' 
for all to £ R+ and all s' < 0. 

To prove this fact, we first observe that definition of ffim implies that 

Vt G R+; S(*„) = H, 

which gives the lower bound for u to ( s ')- Secondly, to get the upper bound, we consider 
any sequences (p n ) nG N converging to 0, (u n ) ngN and (t n ) ngN such that for all n G N, 
u n , t n G B(t , p n ) and \t n — u n \ = p n . As a consequence, for all n, 



E [ x t n - X Un f 

If _ ? , \2(H+s') n -2 



\t - u \~ 2s ' o 2s 



which gives 



and then, 



□ 



E \X t - X u ? 
hmsup sup -— ->0 

+0 t,u£B(t ,p) \ l U \ P 



Vt G R+, Vs' < 0; <n to (s') <H + s. 



As the pointwise (resp. local) Holder exponent is the intersection of the 2-microlocal 
frontier with the axis s' = (resp. the line a = 0), one recover the following well-known 
results as immediate consequences of Proposition 14. 1[ 

Corollary 4.2. The local and pointwise Holder exponents satisfy almost surely 



W G R+; a (to) = cx.(t ) = H. 
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4.2. Multifractional Brownian motion. As shown in corollary 14.21 the local regu- 
larity of ffim is constant along the paths. A natural extension of fBm is to substitute 
the constant parameter H, with a function t i— > H(t) taking values in (0, 1). This leads 
to multifractional Brownian motion (see [5], [22] ). The mBm can be defined as the 
process X = {X t ; t G R+} such that 

.W(du) 

where W denotes the white noise of R. 



X t 



u 



H(ty 



in 



H(ty 



This process is now well studied, with many results on its local regularity ([22]). 
higher dimensional versions ([HJ EI]), extension to the case where H is itself random 
([!]), study of its local time ( [101 El EI]) and more. The covariance structure of mBm 
was first computed in [2] and the asymptotic behavior of the incremental covariance 
was investigated in [U]. For all a, b G [0,1], and all t £ [^b], there exist positive 
constants K(to) and L(to) such that 

Vt, u G B{t , p); E [X t - X u f = K(t Q )\\t - u\\ 2H ^ + L(t ) [H(t) - H{u)f 

+o a , b (\\t - u\\ 2H ^) + o a , b (H(t) - H{u)f . (26) 

This approximation, together with the fact that mBm is Holder-continuous but not 
differentiable, allows to compute the almost sure 2-microlocal frontier of the mBm at 
any point to- However, in contrast to the case of fBm, ( 1261) only gives local information 
about the covariance. As a consequence, obtaining almost sure results uniformly in to 
requires further work. 

4.2.1. Pointwise almost sure 2-microlocal frontier of the mBm. 

Proposition 4.3. The 2-microlocal frontier of the multifractional Brownian motion in 
the region 

-1 < s' < 
< a < 1 + s' 

is, at any fixed to, almost surely equal to the "minimum" of the 2-microlocal frontier 
of H at t and the line a = H(t Q ) + s' . More precisely, for all t , <T to (s') = (H(t ) + 
s') A Pt a (s f ) with probability one, where A (s') denotes the 2-microlocal frontier of the 
deterministic function H at to. 

Proof. By definition, for each s' G (— oo;0), 

n / A f n i- \ H (t) ~ H ( U )\ 

(j to (s ) = sup < (J; hmsup sup < oo } . (27) 

P ^o t,ueB(t , P ) p- M lrP 

We have to distinguish the 2 following cases: 

• H(t ) + s'< Ao(s') 
For all a < H(t ) + s', there exists r] > such that 

Vt G B(t , rjo); a<H(t) + s'. 

Then, for all < p < r] 

ll+_„l|2if(t) ll+_„l|2(H(*)- CT ) fr,^(H(t)-a) 
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and 

[H{t)-H{u)f 
\\t-u\\ 2 °p- 2s ' 

Then by ( !26l) . we have a < u to (s'). This implies 

H(t )+s' < ® t0 {s'). 

For all a s.t. H(t ) + s' < a < /3 to (s'), there exists r/i > such that 

Vt G B(t Q ,r)i)] H(t)+s' < a. 

Let us consider p n = - and w n , t n G B(t ,p n ) such that |£„ — u„| 
- < 771 , we have 

jjtn ~ U n \\ 2H ^ _ n 2(H(t n )+s'-a) 

\\t n -u n \\ 2 °p- 



and 



i2 



[H(t n ) - H{u n )\ 
\\t n -u n \\ 2 °p-u ~* • 

Then from f)26p . we get o > <u to (s f ). This implies 

tfio(a') < H{t ) + s' 

P t0 (s')<H(t Q ) + s' 

There exists 772 > such that 

VtG5(t , 772); Ao(s') <H(t) + s'. 
For all a < /3t (s'), we have 

and 

(*) ~ n 
||£-m|| 2ct P~ 2s ' 

Then, by (1261) . we have a < <n ta (s'). This implies 

Pto(s')<vt (s'). 

For all a s.t. Pt (s') < a < if (to) + s', there exist sequences: 
_ (Pn)n of positive real numbers converging to 0, 
- and (£ n )„ s.t. Vn;u n ,t n G B(t ,p n ) 

such that 

[g(t n ) - K)f 

Moreover, there exists 773 > such that 

Vt G £(£0,773); °<H(t) + s'. 
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Let iV 3 6 N be such that Vn > Nq; < p n < 773. For n > JV3, we have 

\\t n -U n \\ 2H ^ 
\\tn ~ U n \\^Pn 2S ' " ^ 

Then, from ( l26i) . we get cr > <u 4() (s'). This implies 

«t*o(*') < Ms')- (31) 
From (BED, (EHD, (GQD and (ETJ, the result follows with theorem EHU □ 

As in fBm's case, the almost sure pointwise and local Holder exponents of mBm can 
be deduced from its almost sure 2-microlocal frontier. 

Corollary 4.4. At any to, the pointwise and local Holder exponents of the multifrac- 
tional Brownian motion verify almost surely: 

a(t )=H(t )A(3(t ) 

dt-(to) — H(t ) A f3(t ) 
where (3{to) and /3(to) denote the pointwise and local Holder exponents of H at to. 

This result was already stated in [T4] . 

Example 1 . Following the introduction section, consider an mBm X whose H function 
is equal to a + b\t — to| 7 sin(|t — 1 \~ 5 ) in a neighbourhood of t , where 7 > 0, S > 0, and 
a,b are chosen such that H(t) e (0, 1) for t in a neighbourhood of to. We may apply 
proposition \4-3\ to get the almost sure 2-microlocal frontier of X at to- 

Recall from section [H that the 2-microlocal frontier of H is the function (3 tQ : s' 1— > 
Pt a (s') = g^fs' + j^j. Recall also that, because we are restricting to the part of the 
frontier that intersects the region defined by we can only consider what happens 
through differentiation of small enough order. 

Three situations may occur, depending on the values of a, 7 and 5. If a = H(to) < 
then the 2-microlocal frontier of X is the line s' 1— >• a + s' , and nothing interesting 
happens from the 2-microlocal point of view. If a > 7, then the frontier of X is equal to 
(3 tQ . As a consequence, differentiation of X of order e decreases its pointwise exponent 
by —s(l + 5) instead of the expected —e, as long as e < ^^L ({. e. the local exponent 
remains positive). In the intermediate case < a < 7, the frontier is the union 
of two line segments. An even more unexpected behaviour then occurs: since its is 
parallel to the bisector in the neighbourhood of a = 0, the behaviour of the pointwise 
exponent is regular (i.e. it decreases by e through e— differentiation) fore small enough. 
However, when e is larger than the ordinate of the point of intersection between the lines 
s' 1 — > H(to) + s' and s' 1— > f3 to (s'), namely for e > (7 — a)/8, the decrease of the pointwise 
exponent will be equal to (7 — a)/S + (e — (7 — a)/5)(l + 6). 

4.2.2. Uniform almost sure 2-microlocal frontier of mBm. Under some assumptions on 
the function H or its regularity, uniform results hold. First, in the case where the 
local regularity of H varies continuously, a direct application of theorem 13.141 yields 
the following statement: 

Proposition 4.5. Let X = {X t ; t G R+} be a multifractional Brownian motion such 
that the function t 1— > f3(t), where (3{t) is the local Holder exponent of H at t, is 
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continuous on some open interval I. Then the local Holder exponent of X satisfies 
almost surely 

Vtel : a(t) = H(t)A(3(t). 

Proof. Using the approximation 02 6p . the deterministic Holder exponent of X at t can 
be computed as in proposition 14.31 

fi(to) = H(t ) A0(i o ). 
The result follows from theorem 13.141 □ 

In the case of a regular mBm, i.e. when the values taken by the function H are 
smaller than its regularity, a uniform result for the 2-microlocal frontier of the process 
holds as well: 

Theorem 4.6. Let X = {X t ; t G R+} be a multifractional Brownian motion such that 
the function H satisfy, for some open interval I, 

Vt G /; H(t) < j3(t) 

where j3(t) is the local Holder exponent of H att. 

Then, almost surely, the 2-microlocal frontier at all to £ I of X in the region 

< a < 1 + s' 
-1 < s' < 

is equal to the line a = H(t ) + s'. 

In particular, almost surely, for all t G /, Oi(to) = OL(t ) = H(t ). 
Proof. Under the assumptions of the theorem, for all to G /, (1261) implies 

\/t eI; 5(t )=fT(t ). (32) 

Conversely, for all to £ I, and all sequence (p n ) ng N converging to 0, there exist 
two sequences {t n ) n&s and («„) neN such that for all n G N, t n ,u n G B(t ,p n ) and 

\tn | Pn- 

Then, by (ESj), for all a s.t. H(t ) + s' < a < (3(t ) + s', we have 

i2 



\t - U \^ -2s' 
I L n ™>n I Hn 



as n goes to +oo, which gives 



E [X t - X u f 
hmsup sup — 5-7 > 

p-o t,«eB(t ,p) r - TP 

and thus 

Vt G /, Vs' < 0; to (s') < /7(t ) + s'. (33) 
The result follows from ( 1321) . ( |33|) and corollary 13.161 □ 



Remark 3. W^i/i global regularity conditions on the function H , one can obtain a uni- 
form analog of Proposition \4-3[ For instance, it is not hard to adapt the proofs above 
to show that if the inequality 

\H(t)-H(u)\ 

limSUp SUp r-E — — < oo 



p- 



■ J l UU|7 11/3 

^0 t,u£B(t ,p) ¥ - u\\ Pt °P~ 
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is verified for all to G /, then, almost surely, for all to G /, 

(T to (s') = (H(to) + s / )A(3 to (s') 

and 

a(t ) = H(t ) A p{t ) 
a(t ) = H(t ) A /?(i ) 
where (3 (to) and (3(to) denote the pointwise and local Holder exponents of H at to- 

4.3. Generalized Weierstrass function. Let us recall the definition of the well- 
known Weierstrass function (|13j): 

oo 

W H (t) = ^\- jH sm\H (34) 
i=i 

where A > 2 and H G (0,1). 

The Holder regularity of a stochastic version of the Weierstrass function has been 
studied in [3]. Let (Zj)^ gN be a sequence of W(0, 1) i.i.d. random variables and 
define the generalized Weierstrass function (GW) as the following Gaussian process 
X = {X t ;teR + }: 

oo 

X t = W H{t) (t) = Zj\- jHit) sin XH (35) 

3=1 

where t i— > takes values in (0, 1). 

The regularity of this process can be obtained by the computation of the incremental 
covariance. It is easy to show that X is Holder-continuous but not differentiable. 

4.3.1. Bound for the incremental covariance of GW. 

Proposition 4.7. Let X = {X t ; t G R+} be a generalized Weierstrass function. For 
all < a < b, there exists positive constants K = K(a) and L = L(a) such that 

Vt,ue[a,b}; E[X t -X u f<K\t-u\ H{t)+H{u) +L(H(t)-H(u)f. (36) 

Proof. From (I35p . one computes 

E [X t - X u f = (\- jH{t) sin XH - X~' jH{u) sin X j u) 

x (\~ kH ^ sin X k t - X~ kH{u) sin X k u) .E [ZjZ k ] 

= i x ~ jm sin XH - x ~ mu) sin x ' u ) 2 ■ ( 37 ) 

3 

Using the decomposition 

\- ]H{t) sin \H-\- jHiu) sin X j u = (A~^ w - A^ (u) ) sin XH+X~ jH{u) (sin XH - sin X j u) , 
we get 

E [X t - X u f < 2 ( X ' mt) ~ x ~ 3H{u) ) 2 sm 2 XH + 2 ^ \-^ H ( u ) ( sin \ H - sin A%) 2 . 

3 3 

(38) 
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First, let us give an upper bound for the first term of (1381) . 

oo oo 

S£ (\-mt) _ A"^M) 2 sin 2 A^ < {^ mt) ~ ^ mu) f- 

3=1 3=1 

By the finite increments theorem, there exists r between H(t) and H(u) such that 

\-m*) _ \-mu) = _ jX -jr ( H (q _ H ^ log A 

therefore 

(A-^W - \~^) 2 sin 2 A J t < (tf (t) - H{u)f log 2 A. f>' 2 A~ 2ai . (39) 

3=1 3=1 

To deal with the second term of (1381) . for given t,u G [a, 6], we consider the integer N 
such that A"^ 1 ) < \t - u\ < X~ N . 

oo N oo 

(sin A J t — sin (sin A J t — sin AV) 2 + 4 ]T A- 2 ^). 

i=l 3=1 j=N+l 

(40) 

Then, using the inequality 

(sin XH — sin A j m) 2 = 4 sin 2 A J — - — cos 2 A- 7 — \- — 
< A 2 ^- M | 2 <A 2j A- 27V , 



we get 



N N 

^~ 2jH{u) (sin XH - sin A%) 2 < X~ 2N £ A 2 ^ 1 "^" 
i=i i=i 

\2(iV-l)(l-if(u)) 

< A -2jy A 2(i-g(«)) 2 

A2(i-^M) - 1 

A -27VH(n) 



< 

- X^-^W) - 1 

\2H{s) 



- \2(l-H(u)) _ 1 -\ t U \ 



Moreover, as 



00 \-2(N+l)H(u) 

V A~ 2 ^ M ) = A 

1 _ A -2H(«) 

j=7V+l 

. |t-s| 2 ^) 



we have 

oo 



OO / 

X~ 2]H{u) (sin XH - sin AV) 2 < I - 

3=1 ^' 



1 _ A- 2 ^(") 

A 2if(u) 



+r-^™ )-i*-«r (u) - (4i) 



A 2(l-ff(u)) _ 1 1 _ \~2H{u) 

=1 

As 

| f _ u |2tf(«)_| t _ w |tf(«)+ff<t) = 0q6 (| t _ _ tf( n )))+O a , b (if (t) - if (u)) 5 
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the result follows from (I55j). (pi) and (lUl). □ 

To get a upper bound for the 2-microlocal frontier of the generalized Weierstrass 
function, we need the following statement 

Proposition 4.8. Let X = {X t ; t G R+} be a generalized Weierstrass function. For 
all t G R +; there exists two sequences (t n ) n6N and (M ri ) ri£N converging to t and 
positive constants ki and li such that 

\/n G N; [E [X tn - X Un ] 2 y > h\t n - - h \H(t n ) - H{u n )\ . 

Moreover, if H admits a positive local Holder exponent at t , there exists positive con- 
stants k2 and I2 such that 

\/n G N; (E [X tn - X Un ] 2 y > - [k 2 \H(t n ) - H(u n )\\og \t n - u n \ + l 2 ) \t n - u^^^ 
Proof. From ( 1371) . for all t, u G R+ and all n G N, we have 

E [X t -X u f> (\- nH ^ sin X n t - \~ nH ^ sin \ n u) 2 . 
Using the decomposition 

x ~nH(t) s [ n \ n t-\- nH{u) sinA n u = (A~ n ^ (t) - \~ nH ^) sin \ n t+\- nH(u) (sinA n t - sin \ n u) 

and the triangular inequality, we get 

E [X t - X u } 2 > (|A" nH(i) - A" nH(u) | . |sinA n t| - A" nH(u) |sin X n t - sinA n u|) 2 . (42) 

For all t G R+, there exists a sequence (t n ) ngN converging to t , and such that 
I sin A n t n | > I for all n G N. For instance, let us start from a sequence (t n = t + ^r) ngN 
converging to t , and set, for all n 

t n if |sinA n t n | > \ 
i n + otherwise. 

Moreover, for all t G R + and all n G N, there exists h n such that \~( n+l ^ < h n < A~ n 
and I sin \ n (t + h n ) - sin \ n t\ > ^ 

As a consequence, setting u n = t n + h n for all n, we get a sequence (u n ) ngN converging 
to to, and such that 

Wn G N; [E [X tn - X Un ] 2 y > ±-\~ nH ^) _ \\-nH(t n ) _ A -nff(«„)| 



and 



Vn G N; (E [X tn - X Un ] 2 y > - \\- nH ^ - \~ nH M\ _ 2 \~ nH ^ . 



2 

Recall that the local Holder exponent of H at to is 

\H(t)-H(u), 

p{to) = sup <^ p; hmsup sup ; — < +00 

p->o t,ueB(t ,p) \t-u\P 
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As $(t ) > 0, we can choose < (3 < f3(t ). This implies 

n (H(t n ) - H(u n )) (H(t n ) - H{u n )) log \t n - u n \ 

H(t n ) - H{u n ) p 

En Mr) V S „ ' 



V ' -»0 

^0 



— ► 0. 

A Taylor expansion gives 

X -nH(t n )_ X -nH(u n ) = (jjqj _ H (u n )) n\og \.\~ nH{Un) +0 [(H (t n ) - H (u n )f n 2 \" nH{Un) ] 

Therefore, using \t n — u n \ < \~ n and the boundedness of n\~ nH<yUn \ there exists l\ > 
such that 

Wn G N; (E [X tn - X Un fY > ^\t n - u n \ H ^ - l x \H(t n ) - H{u n )\ 

and there exists k 2 > such that 
Vn G N; 

(E [X tn - X Un fY > k 2 \H(t n ) - H{u n )\ x \t n - u n \ H{un) (-log \t n - u n \) -2\t n - u n \ H ^ 
We conclude in the same way as in the proof of proposition 14.71 □ 

4.3.2. Almost sure 2 -microfocal frontier of GW. Propositions 14.71 and 14.81 allow to ob- 
tain the almost sure 2-microlocal frontier of the generalized Weierstrass function when 
H is regular. The situation here is similar to the one of mBm. 

Theorem 4.9. Let X = {X t ; t G R + } be a generalized Weierstrass function such that 
the function H satisfy, for some open interval I, 

Vt G /; H(t) < pit) 

where (3(f) is the local Holder exponent of H at t. 

Then, almost surely, the 2-microlocal frontier at any to G I of X in the region 

< a < 1 + s' 
-1 < s' < 



is equal to the line a = H(to) + s'. 

Proof. The proof is similar to the one in the case of mBm. We sketch it below. 
For each s' G (— oo; 0), we introduce 

Pt (s') = sup \ (3; limsup sup J^~r < oo > . (43) 

{ P^0 t,u€B(t ,p) \\t-U\\Pp J 

From (JED, for all s' G (-1,0], we have H{t )+s' < (3 to {s'). Then, for all a < H{t ) + s', 
we have 

\\t - d| 2i3 "(*o) lit - dpW*")-*) (2d) 2{ - H{ - to) ~ a) 
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and 

[H{t)-H{u)f 
\\t - u\\ 2a p- 2s ' 



Thus, by proposition 14.71 we have a < <B to (s'). This implies 

H(t )+s' <v t0 (s'). (44) 

Conversely, for all a s.t. H(t ) + s' < a < f3 to (s'), the two sequences (t n ) n€ N an d 
(^n) n£ N given by proposition 14.81 can be chosen such that for all n G N, to + < t n < 
t + ^ and A-(™ +1 ) < u n - t n < \~ n . 
As a consequence, we have 

VVi G N; to <t n < u n and 

A" n (j + vr) < u n -to< \' n U + Y 
Therefore, setting p n = u n — 1 , we have t n ,u n G B(to,p n ) and 



\f ,, \\2H{t ) \-2H{t )(n+l) 

Itn - U n \\ A _ ,2n(H(t Q )+s'-a) _ t , 



\\tn ~ U n f°p-™ ~ X -2na X 2ns> (j + ^ 

As, on the other hand, 

[H(t n ) - H(u n )] 



oo. 



u„ \\ 2a P~ 2s ' 







from proposition I4.8[ we get a > <j t[) (s'). This implies 

otoOO <#(*o)+*'. (45) 

From (j44]) and (1251) . we get 

Vt G/,Vs'<0; dy to (a / )=if(to)+s' 
«a(t ) = H(t Q ). 

Corollary 13. 161 then gives the result. □ 

When H(t) > /3(t), we are not able to conclude in general but we get pointwise almost 
sure bounds for the 2-microlocal frontier. However, it should be possible to obtain a 
complete almost sure result if one uses the definition of the stochastic Weierstrass 
function used in [H] instead of (j35|) . The trick consists in summing over a particular set 
of indices that grows sufficiently fast to infinity, rather than on the whole of N. See [3] 
for details. 

Proposition 4.10. The 2-microlocal frontier at any to of the generalized Weierstrass 
function in the region 

' < a < 1 + s' 
-1 < s' < 

is, almost surely, "above the minimum" of the line s' h- > H(t ) + s' and the 2-microlocal 
frontier of H. 

Proof. We have to distinguish between the following two cases: 
• If H(to) + s' < f3t (s'), theorem H~9l gives the result. 
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If AoO') <H(t ) + s' 

For all a < f3 to (s'), we have 



\\t - u\\ 2a p- 2s ' 

and 

[H(t) - H{u)f 



0. 



\\t - u\\ 2rj p~ 2s ' 

Then, by proposition 14.71 and corollary 13.41 we have a < <T to {s') almost surely. 
This implies almost surely 

Ms')<a t0 (s'). (46) 

□ 



Remark 4. Conversely, for all a s.t. Pt ( s ') < ° < -f^(^o) + s 'j there exist sequences 
{Pn)n, {t n )n and (u n ) n such that Vn; t n , u n G B(t ,p n ) and 



i2 



Moreover, we have 



\H{t n ) - H{u r 

\\f — v \\2a n -2s' 
\\ v n ""nil Pn 

llf _ 7 , ||2H(to) 



-oo. 



0. 



u In 



\\f — y \\2a n -2s' 
W^n "nil Hn 

However, the inequalities given by proposition ^. 8{ are not satisfied by the sequences (t 
and (u n ) n . Thus this cannot be used to get an almost sure upper bound for CT to (s'). 
Again, using the definition set in [3] instead of ( f^3jj should allow to conclude in general. 

4.4. Application to Wiener and stable integrals. Let us go back to the example 
given at the beginning of this work. We wish to apply our results to Wiener integrals. 
Theorem 13.111 applies to such processes and allows to evaluate their almost sure 2- 
micro local frontier at any point. Before we proceed, we need to set a definition: 

Definition 4.11. Let tp be a deterministic function. The pseudo-2-microlocal frontier 

of ip at t is the function s' \—> Et (s') ; defined for s' G (— oo; 0) by 

Sto(s') = sup < cr; limsup sup ^ U ]j < oo > . (47) 

{ P ^o t,ueB(t , P ) \\t-u\\ a p J 

In other words, the pseudo-frontier of ip is obtained by using definition 12.21 for all 
s' < and all a, instead of using definition 12 . II when (s', a) ^ D. In general, the "true" 
2-microlocal frontier and the pseudo one do not coincide. However, one can show that 
if either one of these frontiers passes through D, then also does the other one, and in 
this case they coincide in D (see [12], Proposition 3.14 p. 43 and also Proposition 3.15, 
p. 44 for a more general result). A simple example where the frontiers differ everywhere 
is provided by the function <p(t) = t + |t| 7 , where 1 < 7 < 2. The frontier of tp at 
is the line er(s') = 7 + s' (the regular part is ignored in definition 12.11) . while its 
pseudo-frontier is given by S(s') — 1 + s'. Note that an even more radical difference is 
observed by simply taking ip(t) = t. In contrast, for a chirp, both frontiers coincide, 
whether they intersect D or not. 
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Theorem 4.12. Let X be the stochastic process defined by 



ri(u).dB u + ip(t), 



where r] and ip are L 2 deterministic functions and B is standard Brownian motion. Let 
s' i — > Pt a (s') (resp. s' t— > 7t (V) j denote the pseudo-2-microlocal frontier of the function 
(p '. 1 i — ► f Q 77 2 (Vesp. ^ at to- 

Then, the 2-microlocal frontier of X at to in the region defined by conditions 
almost surely equal to |/?t (2s') A7t (s / ), provided this function intersects the considered 
region. 



Proof. Write 

Vs,tGR+; X t -X s 
By definition of the Wiener integral, 

Vs<t; E[X t -X s f = 

For all p > 0, all a > and all s' < 0, 

£[X f -X 5 ] 2 
|t - s\ 2a p- 2s ' 



■n(u).dB u + ip(t)-ip(s). 



rj 2 {u).du 



+ (^(t)-^( S )) 5 



Vs,t e B(t ,p); 



|^(t)-^(s)| + (^(t)-^)) 2 . 



\t - s\ 2a p- 2s ' 



\ I* 



The deterministic 2-microlocal frontier of X at to is therefore 

®t {s ) = 



-(3 t0 (2s')A lt0 (s f ). 



Since X is a Gaussian process, the result follows from Theorem 13. Ill □ 



Remark 5. Assume ip = so that the frontier of X is equal to |/3 to (2s'). Using the 
characterizations of the pointwise and local exponents in terms of the frontier, one can 
easily see that CK(to) = 5 ¥ ,(to)/2 and Ct(to) = a< p (to)/2 almost surely, at least when the 
pseudo-frontier coincides with the true frontier. 

Example 2. Following the introduction section, consider a Wiener integral X whose 
kernel r) is equal to ^J\t — to| 7 | sin(|t — to|~ 5 )| in a neighbourhood of to, where 7 > 0, 5 > 
(we take ip = 0). We may apply theorem \4-l£\ to get the almost sure 2-microlocal 
frontier of X at t . The pseudo-2-microlocal frontier of if (as defined in theorem \4-12\ ) 
is equal to its plain 2-microlocal frontier, and is given by /3 to (s') = gj^s' + + 1 
(since ip is a primitive of a chirp, its frontier is the one of the chirp plus one). Thus, 
the frontier of X is equal to ^13; s' + + 2' ^ is then straightforward to check the 
values of the pointwise and local exponents announced in the introduction. In addition, 
one can see that differentiation of X of order e will decrease its pointwise exponent by 
e(l + 5), as long as the local exponent remains positive. 

In this case, one could have considered the true 2-microlocal frontier of p as, for a 
chirp, it coincides with the pseudo-frontier. But the use of the true 2-microlocal frontier 
of p, instead of its pseudo-frontier, can lead to wrong prediction. For instance, assume 
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that we replace rj(t) = \J\t — to| 7 | sin(|£ — to I ~' 5 ) I with n(t) = y/l + \t — to| 7 | sin(|£ — £o| -< 
and consider the Wiener integral Y t whose kernel is fi. Using the 2-microlocal frontier 
would lead to the prediction that pointwise and local exponents of Y should be the same 
as the ones of X (since the frontier of \x and tp are the same). In contrast, the use 
of the pseudo-frontier of \x yields the correct result that Y has both local and pointwise 
exponents equal to 1/2. 

Remark 6. In the above example, when 7,5 tend to 0, the 2-microlocal frontier of X 
tends to the one of Brownian motion, and of course, both the exponents tend to 1/2. 
This is consistent with the fact that X tends to Brownian motion. This "continuity" 
property is not true in the deterministic frame: when 7, 5 tend to 0, tp tends to a 
linear function, whose frontier is not the limit of the frontier of tp, which is equal to 
f3(s') = s' + 1. On the contrary to the "true" frontier, this property holds for the 
pseudo-frontier. 

Using proposition 13.31 instead of theorem I4.12[ one may compute in the same manner 
as above a lower bound for the 2-microlocal frontier of stable integrals. Such integrals 
are obtained by replacing the Wiener measure by a stable measure in the definition of 
X (see [23] for an account on stable integrals). More precisely, let X be the stochastic 
process defined by 



X t = f ri(u).dM u , 
Jo 



where 77 is an L a deterministic function and M is an a— stable random measure (a G 
(0, 2)). Then, provided a ^ 1, or, if a — 1 assuming M is symmetric, 



Vs < t,Vp e (0,a); E\X t -X s \ p = C{a,p) / \r)(u)\ a .du 



where C(a,p) is a constant depending only on a and p (see 

Reasoning as in the Gaussian case, one may obtain a lower bound on the frontier of 
X in terms Pt , the pseudo-2-microlocal frontier of the function tp : 1 1— > J * |?7| a . Indeed, 

VM e B( io ,p),V pe (0, a) ; ?J X '-?i = C(a,p)( M) - 



a , , a. 



\t-s\^ +1 p' v v ,yj \ |t_ s \ (tl+1) pp - p 

By definition of /3t , the right-hand side in the equality above will be finite when 

(ji + l)- < Mv-). 
p p 



Using proposition 13. 3[ this entails that 



Now set s' — ~ to get: 



,V s 1 . .VOL. 1 

(T t0 - >-A — --■ 

p a p p 



(T t0 (s')>±p t0 (as')-±. 
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Since this is true for all p G (0, a), we get finally: 

(Tt (s') > -/3 t0 (as')--. 

a a 

Although this result is less precise than in the Gaussian lower bound for the 

local regularity is a very interesting result for sample paths of a stochastic process. 

Example 3. Consider a stable integral X whose kernel is equal to (jt — to| 7 | sin( |t — to| _<5 )|) a 
in a neighbourhood of to, where 7 > 0, 5 > 0. We may apply the result above to get that 
the frontier of X is almost surely not smaller than g^±s' + a( ^ +l ^ ■ This is the frontier 

of a chirp t\-* \t — to| « sin(|t — to|~ 5 )- 

We also mention the following curiosity: when a = 1 and the skewness function A 
of M is not zero, one has 

E\X t -X s \ p = C(p) (J \ri(u)\.du + J |? 7 (u)A(u)log(|7 ? (u)|)|.du 

for all p G (0, 1) In this case, one can obtain the same kind of 2-microlocal behaviour 
as above even with a smooth function 77 by putting all the irregularity in the skewness 
function A. 

5. Proof of intermediate results 

5.1. Proof of Proposition 13.71 Let us suppose first that s' is fixed and that the 
function q is constant equal to a. 

Let e > such that a = o — e > 0. Let us take p = 2~ n for n > uq = — log 2 S and set 
D™(t ) = |t + £;.2-( m+n ); k G {0, ±1, ... , ±(2 m - 1)}^). Let us consider the event 




max 



ie{o,...,2 m+n } 
k,l£{0,...,±2 m } N 



XV" I ^ r\—a(m+n) r\s'n 

(i+fc).2"( m +") — A (i+0.2"( m +") I > A Z 



> . 



\k-l\\=l 

For all p G N*, we have 

P{&™}< X/ { |^(i+fc).2-('™+») _ ^(j+0.2-< m +™) I > 2 CT(m+n) 2 S ™| 

ie{o,...,2 m+n V 



r 

k,le{0,...,±2 m } N 
||fc-Z||=l 



< 



E 

ie{o,...,2 m+n } JV 

fc,«e{o,...,±2 m } JV 
Ilfe-Zll=l 



E [^(j+fc).2-( m +™) ~~ ^{i+l).2-( m + n )\ 
2 i —2pa(m+n)2^2ps'n 



2p 



< 2N C X p # {0, . . . , ±2™}^ # {0, . . . , 2 m+n } 2 



ym+n\N r\—2pe{m+n) 



(1+2™+!)' 



(l+2 m + n ) 
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where X p is the positive constant such that for all centered Gaussian random variable 

Y and all p £ N*, we have E [Y 2p ] = X p (E [Y 2 ]) p . 

Then, 

P {O™} < (2N.2 3N ) C X p 2^ N - 2 P^ m 2 {N - 2pe)n . 
Choosing p £ N such that 2N — 2pe < 0, we deduce 



P {3m; JO = P j |J } < E P W> 

(_ m ) m 



(2N.2 3N ) C \ p 2( JV - 2 **> W 

The Borel-Cantelli lemma implies existence of a random variable n* > n such that, 
almost surely, 

Vn > n*,\/m £ N; max \X {i+k) _ 2 - im+n) - X {i+l) _ 2 - {m+n) \ < 2~^ m+n h s ' n . 

ie{o,...,2 m+n \ N 

k,le{0,...,±2 m } N 
||fc-J||=l 

(48) 

Therefore, setting E r = |z.2" r ; i £ {0, . . . , 2 r } Ar | C [0, 1], we show that for all n > n* 
and all m £ N, 

Vg > m, Vt £ E q+n ; Vt,u £ D«(t ) s.t. ||t - u|| < 2~ (m+n) ; 

\X t - X u \ < 2 ( 2~ Hj+n) ) 2 s ' n 



^j'=m+l 



o o— <r(m+n+l) 

< 2 s ' n . 

1 - 2-° 



(49) 



To prove (1491) . we proceed by induction: 

• for q = m + 1, for all t G E m+n+ i, the conditions t,w £ -D™ +1 (t ) and — u|| < 
2-(m+n) j m pose on t and u to be neighbors in D™ +1 (to). Therefore (1491) follows 
from (1481). 

• assume that the property is valid for an integer M > m, then take to £ -EW+n+i, 
and i, u £ £>f +1 (t ) such that \t - u\ < 2^ m+n \ There exists t £ £ A / +n such 
that \t — to I < 2"( M+n+1 ). As t can be chosen such that the following strict 
inequality holds 

||n-f || < ||«-to|| + ||*o — *o|| 

< 2~ n — 2~^ /+n+1 ) + 2~( M+n+1 ) 

there exists u £ D$f(to) such that \u — u\ < 2~( M+n+1 \ In the same way, we 
get t £ D^f{t ) such that \t — 1\ < 2~( M+n+1 \ Moreover, t and u can be chosen 
such that \t — u\ < \t — u\ < 2~^ m+n \ Then, by the triangular inequality 

\Xt — X u \ < \X t — Xi\ + \Xi — Xu] + \Xu — x u \ 

and the fact that t,t,u,u belong to D^ I+l (t Q ), ( l48l) gives 

\X t - X u \ < 2.2~ a{M+n+1) 2 s ' n + \X- t - X u \. 
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Property ( |49l) follows. 

Let us take to G \J E q+n and t,u G [j g D n (t ). There exists m > such that 
2 _( m+n+ i) < p _ n || < 2-(m+n)_ T j ien p roper ty (gg]) applied to m, t , t and u gives 
|X t -X u | < j^\\t-u\f.2 s ' n . 
Using the continuity of X, we get 

Vt G [0,1]; W,uG B(t ,2- n ); |X t - X u | < ^-A-^t - w f 2 s ' re . 

Hence, almost surely, for all p G (0, 2~ n *), there exists n > n* such that 2~( n+1 ) < p < 
2" n and 

Vt,uG 5(t ,p); \X t -X u \ < —L-^\\t - u \f2 s ' n 

<2- s ' r ^-||t-«||V s '. (50) 

In the general case where ? is not constant, for all a, b G Q+ with a -< & let us 
consider a = inf ue [ a] b] ^ u (s') — e with e > 0. By ( 1501) . there exists a set ft* C ft such 
that P {ft*} = 1 and for all u G ft*, 

O 

Va, 6 G Q^,Ve G Q+,Vt G [a, 6]; <7(t ) > inf ^(s') - e. 

uG[a,&] 

Therefore, taking two sequences (a n ) ngN and (6 n ) ngN such that Vn G N; a n < t < b n 
and converging to to, we have for all wfO* 

WoGR^; <7 t0 (V) >hm infos'). (51) 

5.2. Proof of Proposition 13.91 First of all, a classical proof allows to show that 
lemma 13.81 implies 

W > a; P {W G Q?; <X Js') < a} = 1. 
To extend this result for all t £ R-+, let us consider t G — Q+, and a sequence 



(ffi 



^) mS N in such that x^ — > to- We have, almost surely, for all m, <T a .( m )(s') < <r. 
Then there exists sequences (pn^neN, (^rT^neN and (wl ) n eN such that for all n6N, 
d m) ,^ m) Gi?(x( m ),pi m) )and 

L*L,(m) — X (m) 

li m i2 V21 — _|_qq (52) 

n^oo |UM ,,( m )||CT/' / ,( m )w 
||tn tin || ^pn J 

From these m sequences, we build 3 sequences (t n ), (w„) and (p n ) such that t n — > t , 
u n -> *o, M n G 5 (t , Pn) and 

n^oo ||t n - U„|| CT (p„) s 

For all n and m, let us write 

Am) _ . _ Am) _ Un) , (m) _ y. 

( m ) -1 ( m ) (m) 1 (m) j- K^d) 

Un — t = U n — X [m> + X {m> — t . 
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Let us fix e > 0. There exists N > such that 

Vm>iV; |x {m) -t |<e. (54) 

As for all m, — x^\ — > when n — > oo, there exists a subsequence (tp^) n such 
that 

Vn; \tg> - x {m) | < \t^- 1] - x {m ~ 1] | 
therefore, we can suppose that the sequences (tn ) n satisfy the properties 

Vm,n; \t^ -x {m) \ < - x^ m ~^\. (55) 

Moreover, in the same way, we can suppose 

Vm, n; |u£ m) - x (m) | < |i4 m_1) - x {m ~ 1] | . (56) 
Then, using the fact that there exists JV'gN such that 

Vn > N'] 

( |55l) and ( |56l) imply 



|4 X) -xW| <e 



IfW _ r (n)| / f 
V ^>^ (») (57) 



Therefore (153]) . (1511) and (IBTj) lead to 

limt^ =limu(r0 =t - (5* 



In the same way as previously, by (J32J) , we can suppose that the sequences (t 



'\ and (pi m) ) n satisfy 



(m)\ 



LX\(m) — -X" (m) ^C(m-l) — X (m-1) 

V77i 71' *« u n ^ 1 *Tl U„ f 59) 

m ' n ' SF^fWF n^ m_1) - ^ m ~ 1} iRpF 1} )" s '' 

Then, for all M > 0, there exists iV" G N such that 



\X,(i) — X (i) 
Vn > N"; > M 



which leads to, using (1591) 



X (n) — X (n) I 

Vn > X"; , , f " ^ > M. (60) 



We have shown 



LX,(») — X (n) 

lim . . . ^ = +oo. (61) 



Therefore (1581) and (16T1) imply <T to (s') < cr. Thus we can state that, almost surely, 

Vt G R^; cr t0 ( S ') < a. 
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